IOPSClence iopscience.iop.org

Home Search Collections Journals About Contactus My IOPscience

Some remarks on the Lax pairs for a one-dimensional small-polaron model and the one-

dimensional Hubbard model

This article has been downloaded from IOPscience. Please scroll down to see the full text article.
1990 J. Phys. A: Math. Gen. 23 213
(http://iopscience.iop.org/0305-4470/23/2/017)

View the table of contents for this issue, or go to the journal homepage for more

Download details:
IP Address: 129.252.86.83
The article was downloaded on 01/06/2010 at 09:20

Please note that terms and conditions apply.



http://iopscience.iop.org/page/terms
http://iopscience.iop.org/0305-4470/23/2
http://iopscience.iop.org/0305-4470
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience

J. Phys. A: Math. Gen. 23 (1990) 213-223. Printed in the UK

Some remarks on the Lax pairs for a one-dimensional
small-polaron model and the one-dimensional
Hubbard model

Huan-Qiang Zhouti, Lin-Jie Jiangt and Jian-Gang Tangi$

+ Centre of Theoretical Physics, CCAST (World Laboratory), Beijing 100080, People’s
Repubtic of China
t Institute of Solid State Physics, Sichuan Normal University, Chengdu 610066, People’s
Republic of China

Received 31 August 1988, in final form 4 September 1989

Abstract. Ambiguities in the Lax pairs for a one-dimensional small-polaron model and
the one-dimensional Hubbard model are discussed.

1. Introduction

The one-dimensional (1D) small-polaron model describing the motion of an additional
electron in a polaronic crystal is given by the Hamiltonian

J

N
j=1

N N
(aja;y+a]_a)+V Y nn,_,. (1)
j= = =1

Here a;] and a; are, respectively, creation and annihilation operators at lattice site j in
a one-dimensional chain of N sites, and satisfy the usual anticommutation relations
{a, aj}={a:'r, a;}=0 {ai,a;}=5ij (2)
and n; is the density operator
n=aja, (3)

while the concrete expressions for W, J and V can be found in the paper of Fedyanin
and Yushankay [1]. This model was first studied by Pu and Zhao [2] and then by
Zhou et al [3] in the framework of the quantum inverse scattering method (Qism) [4-6].

Another interesting completely integrable system in condensed matter theory is the
well known 10 Hubbard model

%__- —Z (a;saj—ls + a;—lsajs)+ U Z (an—%)(njl —%)+ H z (njs —%)' (4)
5$ J J»S

Here U is the coupling constant describing the Coulomb interaction and w is the
chemical potential. s represents the two components of the fermions (s =1 or |). As
usual, a;, and aj, satisfy

+ + +
{ain ajs}={air,ajs}=0 {air, ajs}=6ij6r:' (5)
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The model (4) has been shown [7, 8] to possess an infinite number of conservation
laws by identifying a two-dimensional (2D) lattice statistical model for which a one-
parameter family of transfer matrices commutes with the Hamiltonian. The Lax pair
as well as the solution to the Yang-Baxter relations for the Hamiltonian (4) with the
chemical potential term vanishing has also been obtained [9-11].

In this paper we present two different forms of the Lax pairs for a 1» small-polaron
mode! and the 1p Hubbard models. We find that not all forms of the Lax pairs are
physically reasonable when we attempt to tackle the problems in the framework of Qism.

2. 1D small-polaron model

Applying the well known Jordan-Wigner transformation for a;, a; and n;

j—1

j=1 i=
. -— P + . -
aj=exp<1~n- y a-To-,)a-j a; =exp<1-n- Y oo >o-j+ n;

I=1 =1

_1+o-}f
2

(6)

with o; =3(o} xio}) and o7, o}, o] being Pauli spin operators at lattice site j, we have

N v ., w+vyXx N
H=-Y% (J(o‘faf_1+a'j_af_l)—z 0}0}_1)+——— Y UJ‘-+—<
1 j=1

4
2 5 > w+—>. (7)

2

Here the periodic boundary condition is imposed. Thus, the problem reduces to the
study of the Heisenberg XXZ model in an external magnetic field parallel to the z
direction. The equations of motion are

o; =ilJ(o}+, +a'f_1)af—%Va;(af*,+a'f_1)+(W+ Vo]

g; =—i[J(o +af_,)a'j—%Va;(aj+1+o-j_l)+(W+ Vio;] (8)
g; =2iJ[o] (o +o, )= (o) +a]_)o] ]

In QisM, instead of directly considering the equations of motion, it turns out to be
more fruitful to study an operator version of auxiliary problem

1= Lig; ¢ =M, (9)
The consistency condition yields the Lax equation

L,=M.,L-LM,. (10)
This implies that a transfer matrix

™~ =tr(LnLa-y... L) (11)

does not depend on time under the periodic boundary condition. Thus, the correspond-
ing system possesses an infinite number of conservation taws, which in turn are related
to the integrability of the system. In our case, it is easy to check that the equations
of motion (8) are equivalent to the Lax equation (10) with

a+b a-b

2 T2 @

L=

! . a+b a-b (12)
co

J 2 2 J

co
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and
M'=<f0'j+aj'_,+g0j_crf1 doioi_+d(ogi+oi ) +d,
! —-ploj o, 0'.101—1)""1(0.;""0';'-1)
p(O'J_O';_l } ;- 1)+q(0' +UJ 1) > (13)
go o tfojo,—dojo;_—d(oi+o]_\)—d,
Here
. a-b . (a=b)b+c? Vv o
f==iJ g=1JTC~2—~ d—lzb2 5
(14)
J W4V 'V be J(a?=b*+ e
=- =i~ 5 = ———
0= Py e 1 2 a(b’-¢?)
and a, b, and ¢ are given by the usual Baxter parametrisation [12]
a:b:c=sin(A+n):sin(A —n):sin27. (15)

However, the transfer matrix thus constructed does not lead to the same energy
eigenvalue as that obtained by using the coordinate Bethe ansatz method. This is why
we want to search for another form of Lax pair for the model. We have recently shown
that this deficiency can be removed by identifying a special 2D statistical model for
which a one-parameter family of transfer matrices also commutes with (7) [3].
Explicitly, L, is given by

a++b++a+-b+

o co;
2 2 J J
L = . 16
! . a_+b_ a_ —-b . (16)
Accordingly, (10) may be viewed as a matrix difference equation for the unknown
matrices M; for j=1,2,..., N if the time derivatives of the spin operators are replaced

by the equations of motion (8).
After a tedious but straightforward calculation, we obtain explicitly the form of
M; as follows:

M'=(f+cr+0'j_,+g o;o/ ~doioi_+d(o} +a'j O+d,
/ —p.o;oi tp_oio/_+q.0  +q.0,
p-0; 0, —p.0io;_tq_ 0] +q.0;_ ) (17)
g+0, 0, tfo; 0~ dojoi_ ~ d(a'j+oj_,)—d0 ’
The constants appearing in (17) are given by
. ax—b:: . (ax_bx)bx+cz
L=—1iJ =i
J, a. 8=V &
vV ¢ W+ Vv
d=i————— do=—i
'3 b.b_—¢* o= 1T
; (18)
i—Y b.c _ i1(a+a_+b+b_—c)c
P b 2 a.(b.b -¢)
g i J(a,a_~ b+b_+c2)c

2T 4l bb— )
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From (18) we have
a.b.=a_b_ (19)
and
V a,a_+b,b_—c*
—_——— 20
2J a.b.+a_b_ (20)

Now note that the coupling constants J and V are independent of the spectral parameter
A. Thus, we have rederived the results presented in our previous work [3]. A natural
parametrisation for (20} and (21) is

a.:b.:a_:b_:c=¢sin(A+mn): £ sin(A —n): £ sin(A +7): ¢sin(A —7n):sin2n

(21)
with
£=seca cos(A —n+a)sec(A—n). (22)
By this parametrisation, J, V and W are given by
\'%4
J:—E:(W+V)=l:c05217:25in2ntanoz. (23)

Let us now transform back into the original fermion operators. For this purpose,
we introduce a gauge transformation

% =VuLV;' (24)
with
N
exp(ll. Y n,) 0

2 /5
V= . . (25)
i/
0 exp(——- Y n,)
25

It is easy to see that the counterpart of the Lax pair, M;, transforms as

M= VMV + VL (26)
Substituting (16) and (17) into (24) and (26), we immediately obtain
z,:(b*"(b.*_f“*)"’ “ ) @7)
—ica, a_—(a_+ib_)n

and
. ([if++(i— l)J]a;aj_:\+[—ig_+(i;1- 1)J1a;-a~4dnm,_, +4d (m+ m;_1)=3d + do
—2p.a;n;_,—2ip_a;_n+(q.+p.)a; —i(g-—p-)a;_,
2p-nj_a;=2ip.nja;_ +(g-—p-)a;+i(g. +p.)a,-, ) (28)
(—ig++(i+1)J]aja,_+[if-+(i—-1)J]aj_,a;,—4dnn,_ +d —d,) "

Correspondingly, we can also construct another form of the Lax pair in fermions
from (12) and (13)

$j=<b—(b—ia)nj ca; ) (29)

—icaj a—(a+ib)n
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and

M=

J

<[if+(i— )J1aja- +[~ig+(i+1)J)a,- a,—ddmn,_, +4d(n+n,,) ~3d +d,
—2p(ajn,_,+ia;_yn))+(q+p)a; —i(g—p)a;_,

2p(n_ya,—ina;,_,)+ (g —pla;+i(g+pla,_, ) (30)

[—ig+(i+ l)J]a;aj_1 +[if+ (- l)J]a;_,aj —ddnn;_ +d—d,

Thus we have completed the representation of the Lax pairs for a 1p small-polaron
model.
3. 1o Hubbard model
The Hamiltonian (4) can be brought into the form

N UN w N i
H=-Y (oo +o;o_+7/1/_,+ T;Tf_,)-i-z Y ot +E Y (oi+7) (31)

j=1 i=1 i=1

J

using the Jordan-Wigner transformation

izl ji=1 1+ ¢g?
_ . + - - o . z + - + n. = j
a”—exp 17Tl I(T’U[ G'j ajT—exp 177"_10'[0'1 o, iy = 2
N j-1
. _ . + 2\ -
a =explim 121 oo | explin IZ‘ )T (32)
N = 147
+ . + - . + - -+ . J
ajl=exp(17-r 121 o) 0,)exp(m 12'1 2 ‘TI)Tj m ="

Here the sum over j is from 1 to N, and the periodic boundary condition is imposed.
From (31) we see that our problem reduces to that of a pair of XY models with the
presence of magnetic fields coupled to each other. Then, the equations of motion are
as follows:

o} =il(oj t o] )oi+3Ua] i+ poj]
d-j_=—i[(a.j_-&l+U;—])U;+%UT;GJ‘—+V'O'}‘_] (33)
gj = 2i[0'r(0'j_+1 +o; ) - (U'j++1 + 0';—1)0'1'_]

with similar equations for 7 spins.
As in the case of a 1D small-polaron model, we can also construct two different
forms of the Lax pairs for this model. One is

NI (34
- . C . - -
M;=1I; ‘(M}”’+M}’))IO+21;smh h((o]os ~a;as)rs+oi(r] 15— 17 78)]

LU 207
—1—4- 1+—cz— T0To (35)

with

h h
Io=cosh§+ aits sinhz (36)
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and
2 2
U =% sinh 2h. 37)
ab
Here, L{*’, Li”’, M{"’ and M|"’ are defined by setting
n=mw/4 J=1 V=0 W=pu (38)

in (12) and (13). In (34), and in subsequent equations, we have used Pauli spin
matrices o, and 7.

The other form of the Lax pairs for the 10 Hubbard model can be constructed in
the following way. Let us first consider the case U =0. Then, the corresponding
equations of motion can be cast into the form

Ly =M Li” - Li” M}” (39)
L” =ML - L M" (40)

Here, L{”’, L\, M!”’ and M|" are defined by setting (38) in (16) and (17). Using
this result, we can combine the equations of motion (33) for the case U # 0 into

di Y i A : U r z_z

d—t’= jﬂLj—LjIWj—lZ[Lj, ot (41)
where

L=rL" (42)

M=M"+M". (43)

The remaining question is how to put (41) into the form of Lax equation (10). Guided
by the known results previously found in [8], we choose

L= I,L,. (44)
Thus, (41) can be rewritten as

L=IM. 15'L,— LIg* M1, —i(U/4)[ L, oi7%]. (45)
Now note that

M1 =1"MI,+ Q,+ Q;_, (46)
with

Q, =2ic sinhh[(o—i?—%—g) 73+03(%j—5—%)]. (47)

Then, (45) becomes
L=(I3'M; I+ Q)L — LI Ml + Q) + Q) L+ L,Q, —i(U/4)[L;, o 7]. (48)

1

A lengthy but simple algebraic calculation shows that (48) may be expressed in the
Lax form (10) with
1 LU 2b,b_
M=101M10+Qj"12(1+—'§z_)0'378 (49)

for a proper choice of the coupling parameters, i.e.
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2 2

U= 2¢ sinh 2h = 2¢

a.b, a_b_

sinh 2h. (50)

This is consistent with the result of Zhou and Tang [8].
Transforming back to the original fermion operators, we immediately obtain explicit
results on the Lax pairs for the 1D Hubbard model (4). Explicitly, one is

—e "kiky  —kpay  iagk,  ie'aqay
: + ~h —h t .
P = —ikjpaj e Tkahy e apa; daply
J 'V‘k —h _t —hI k (51)
apky, e apay e ik lhay,
s h_t _+ + . +
—ie'ajra; aply iha, =€l
with
ki, =b—(b—ia)n; l,=a—{a+ib)n (52)
and
S—iu+m iy (k) xi(h) 0
st
ix; (—h —-8+m; 0 —xi+(—h
J%j= in( ) j ‘XJT( ) (53)
—x;1(—h) 0 =-8+m; ix;(—h)
0 X}(h) ix}l(h) S+iu+m;
with
LU 2b° . b
5=1—(1+—2~) mj=<1——) z (a;saj-ls"f'a;—lsajs)
4 c a/ s=3.
(54)
4 -
st(h)=;(ehajs“1e haj—ls)'
The other pair is
-—h . .
—eTkeky  —keay dapk,  ieapna,
—ikpaj, e kyly e T"apag  ianly
&= ke - ~h (55)
apky evand, e bk hray,
: tot + .
—ie'apa;,  aply ihraj, =€yl
with
kis=b,~(b,—ia.)n; Iy=a_.—(a_+ib_)n, (56)
and
d—iu+tm; ix;-(h) x;-(h) 0
Lot
ixj+(=h) —-86+m; 0 —xi1—(—h
Ay={ LT : X-(h) (57)
X11+( h) 0 —-6+m lij—(“h)
0 xjr(h) ixjie(h) S+imw+m,
with
.U 2b.b_ . b, . b_
s=i(1+22)  me 3 (5 e (-2 e
(58)

(h) eh .e—h
Xi =¢c|l—a.—-i—a,_ .
Jjs® a “js a j—1s

+ £

This completes our analysis for the 1p Hubbard model.
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4. Conserved currents

As is well known, a completely integrable model exhibits an infinite number of
conserved currents commuting with each other. The generating functional for those
conserved currents is the row-to-row transfer matrix [13]. For later use, let us introduce
an auxiliary space variable o. Then, the transfer matrix may be written as

TN (A) =t [ Lno(A) Ln-16(A) . . Lio(A)] (59)

with the local monodromy matrix L,(A) acting in the tensor product of the space V;
and the auxiliary space V,, and the trace as well as the matrix products are carried
out in the auxiliary space V,.

A local monodromy matrix is called regular if it satisfies the condition

Ljo(n) = Eo (60)

where 7 is a constant, and P, is the permutation operator. In this case, we can write
out an expansion for L, (A)

L,(»)= (1+H(/\~n)+ o (A — n)2+ C,O(A n)’+ )
(61)

Substituting this into (59), we obtain the expansion of In 7y (A) in powers of A —%:

In7y(A)=In75(n)+ H(A - 1;)+2'J(A n)? +§-'K(/\ n)’+... (62)
with

H=0H,- (63)

J=;(B,‘j_l—Hf;j_,)+§[I-I,-+1,,-, H;;] (64)
and

K=Z(Cj.j—1+2Hf.j—1) 3Y (Hyy-1Byj+ By Hiyo) 43 X [ Hpw s By — Hjjo)
< -

j

+3 Z[ i+1,j _[+1J’ JJ 1]+ Z[ +1,n[1'1)+11’ J.j—l]]

+§Z[[ +1,js j,j—]]’ I'Ij,j—l]+22[[1'1j+1.j, Hj,j-l]a I'Ij—l,j—z]- (65)
Jj J

Applying the procedure outlined above to the Heisenberg XXZ model in a
magnetic field, we have

1 w
InTy(A)=In TN(n)—JSiHZn(H—Nz )(/\—n)

11 (WHVE N
—_ —)j— z 2 - 2
2!]zsin22n< (=j+——— % G’HW)(A m)

1 1 V2 NW
b k| 2P+ ) H -
3!J3sin32n[ (2J 2><H 2 )

w+ v( (W+ V)2> N NV?
2 J

277+ V23— T Y oi+

L 2 ](A—n)3+... (66)
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with
Al + - - +
(-)j=J X (0]n0]051 =~ ajn0j0])
j=1
VE + - -+ + - - +\ .z
5 Z lojwilofoi—ojo )+ (o0] —0j07)0j] (67)
and

N
— 3 + z _z - - z .z +
k=2J Z (0'j+10'10'j~10'j_2+0'j+10'j0'j~10'j_2)
j=

N
2 + - - + 1 z oz z
+J*V Y lojnoitojao 3o ~—o))ai,
j=
z + .z - - 2 +
+oia(ojoi 0 o0 0;s)
+ z __— - z __+ z
+(07410]05+07070,.,)05,
+ - - + + - - +
_2(Uj+laj —0j+10; )(Uj—la'j—z—o'j—lo'j—z)]

JV: N
+—2— Y gial(ojotajo o} 2+ Z agioi_,. (68)
ji=1

Similar results can also be obtained for the coupled spin model (31):

2 2
In 7x(A) =In 7y (%’) —H()\ —’Z’) —%((—i)j+&4—j§1 (o-j+~rj)+2N)<A —%)

+3l’[k (2+§U )H+“< ) i (a;+fj)]()\—§) +... 0 (69)

with
. A . - U -+
(“1)j= Z (U'jﬂU;U'j—l_U'JﬂU 0'1 1+ (0' U'J 1—0; aj—])(7;+7;—1)+(0(_)7)>
j=1

(70)
and

k=2 z [UJ.HO' o102t o 00 10', 2+ (o= 1)]
=1

N
-U Z [2(0';10'}‘_"0';10';)(7';7;1_7';7'}-—1)

j=1
+(ojo—ojol )1 1, =1 1)~ (ofnofo +oroio,)
><('rfﬂ+7j+Tj_,)—%(afﬂﬂrj-#-o'frj+o'jajﬂ)+(cr<—>7)]

2 N 3N

- - .z U -
+ Z} [(o]o;_1+0; o‘f_,)T;Tj_,+(a'<—>1-)]+-8— Y ol (71)
j= j=
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Transforming back to the original fermion operators, we obtain the first two
conserved currents for a 1D small-polaron model

N
(-i)s=-J Z (a;+laj—l_a;—laj+1)
i=1
X + + + + + +
+V ¥ [nelaja—aj1a) +(aj18=a;a)n+ a8~ 4,14
j=1
(72)

N
3
£=2J Z (a;+laj—2+ a;—Zaj-ﬁ-l)
j=1

N
_JZV Z [2(0;,,1"]&]_, + a}_lnja‘}q,l)
i=1

+ + + *
+2(n =m0 )n_ +2n,4(a; a4+ a;_2a)+2(aa,_+ a;_1a;.)n 2

+ + t +
+2(aj+1aj —4aj aj+1)(a;—laj—2_aj——2aj—1)_3(aj+laj—l+a;-la]+1)]

N
> * +
+JV2 Y (2. (aja;_,+a]_a)n_,—n(aja_,+a;_,a)
j=
¥ T
—(aj+a;t+a aj+l)nj—1+%(a;aj—l+ a;-laj)]

V2N NV?
+—2- Y (nn_y—m)+ (73)

=1 8
and for the 1o Hubbard model
(—i)s= _Z (a;ﬂsaj—ls - a;-lsaj+]s)
LS
+ + + +
+U Y [(aj1a5-0r — aj-nap)(ny + myo) (@000~ a5-0,85) (501
J
+ +
-U Z (ajsaj—ls —a;_54; ) (74)
J.s
‘ = 2 Z (a;+lsaj-2s + a;—ZSaj+]s)

7S

i t ?
-2U Z [(a]ciraj1 = aj10,.00)(a] 81, — aj-1,a;)
J

+(a)1a-11— aj_111) (@501 8~ @51 801)
+(aj,a-q—a;-pap)(a;,a, 1~ aj_1,a;)
+(ajo1 @1yt @51 @) (Mt 1y + 1)
+(ajo @t a8 ) (e + )
—2(nny T nny tapng))

+

+3 U Z (a_;+l.$aj—ls+a_;—lsaj+ls+2njs)
Jus
2 + n
+U Y [(ajray- i+ aj_1pa,)(2mn 0 =y = nyy)
J

+(aj a1 ta,_,a;)(2mn_—np = 0]
2

U s
+ 2 Z(ajsaj—l.\+a;—l.taj.€)
7.5
Ul NU uU?
""_z(2"n"u‘""n”"u)+-(3+—)' (75)
4 5 2 4
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5. Conclusion

In this paper we have presented two different forms of the Lax pairs for both a 1D
small-polaron model and the ip Hubbard model. Our results show that not ali forms
of the Lax pairs are physically reasonable when we attempt to tackle the problems in
the framework of QisM. Here we wish to stress that we have not succeeded in finding
the solution to the Yang-Baxter relations for a special 2D statistical model generated
by the local monodromy matrix (44) because of the enormity of the calculation. In
our opinion, however, this monodromy matrix will yield a class of solutions to the
Yang-Baxter relations provided

a.b.

sa_+bb —c*=0 — =
a.a ¢ b,

L. (76)

Here I' is a constant independent of the spectral parameter A. We will return to this
problem in a future publication, along with a comparison of our results with those of
Shastry [14].

Also, we have derived an expansion of the transfer matrix T(A) through third order
in A — 7. This makes it possible to explicitly construct the first two non-trivial conserved
currents for both models. We think our results may provide a basis for finding the
boost operator for the Hubbard model [15, 16]. As was noted by Itoyama and Thacker
[17], the boost operator plays a central role in the construction of lattice Virasoro
algebra in the Baxter eight-vertex model.
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